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Scheduling problems are often amenable to stochastic
search techniques such as genetic algorithms, simulated an-
nealing, tabu search, and different variants of iterated local
search. The behavior of these algorithms can be described
as a dynamic process evolving on a search landscape.

Many scheduling domains produce a landscape feature
known as neutrality. Neutral moves on a landscape are char-
acterized by search step transformations that have no effect
on the objective function under consideration. The behavior
of the search process is vastly different in the presence of
neutrality than on many classical combinatorial problems,
rendering established search hardness measures ineffective
(Barnett 1998).

Several research projects have quantified static neutral
features in terms of “plateaus” and “benches” or “ledges”
(Frank, Cheeseman, & Stutz 1997; Hoos & Stiitzle 2004).
However, little is understood about the dynamic behavior of
different search algorithms in the presence of high neutral-
ity. Interestingly, in many cases, very simple biased random-
walk algorithms have been found to produce competitive
results on high-neutrality landscapes (Forrest & Mitchell
1993; Barnett 2001; Barbulescu et al. 2006). One impor-
tant example is the WalkSAT algorithm developed for maxi-
mum Boolean satisfiability (Selman, Kautz, & Cohen 1996).
These results seem counterintuitive since we would expect
simple local search algorithms to fail in the absence of local
move gradients to direct search progress. In this research we
seek to gain an understanding of the effect of neutrality on
search.

Scheduling problems and neutrality

Given a set X of candidate solutions, a neighborhood rela-
tion N : X — P(X) imposes a topology on X. Together
with an objective map f : X — R, we have a discrete land-
scape. A neutral move is simply defined as a pair z,y € X
such that y € N(z) and f(z) = f(y). A high neutrality
landscape has a relatively large proportion of such moves.
Neutral moves can be somewhat vacuous in the sense that
they provide no gradient information about motion towards
the optimal solution (see Figure 1 for an illustration).

In scheduling problems, neutral moves may occur when
there is an inherent symmetry in the objective that can arise

Copyright (© 2007, American Association for Artificial Intelli-
gence (www.aaai.org). All rights reserved.

candidate solution

cangiidate solution
/

b

evaluation
evaluation

b neighbors
nei ghﬁbrs

Figure 1: Simplified example of a non-neutral search land-
scape (left) and a high neutrality landscape (right).

from several potential issues. Using an intermediate repre-
sentation may in fact embed the space of candidate solutions
into a schedule space that is too large (Reidys & Stadler
2002). Candidate solutions can often be characterized by
some intermediate representation which facilitates the ap-
plication of search operators. For example, many schedules
can be represented by task orderings or activity graphs. In
these cases, the set X of candidate solutions may not cover
the entire set of feasible schedules. It may also be possible
that X contains infeasible schedules. In spite of this, often a
concise representation makes X easier to work with in prac-
tice, and also makes theoretical results more accessible.

We focus on the particular case of fask orderings. In
this case, a candidate solution can be represented by a
total order on m tasks. The order is transformed into
a schedule by a “schedule builder”: a deterministic (of-
ten greedy), problem-specific scheduling algorithm. This
approach reduces the original optimization problem to a
search over orderings on n points and has been success-
fully employed in many scheduling domains (Davis 1985;
Whitley, Starkweather, & Fuquay 1989; Taillard 1990; Bar-
bulescu et al. 2006). In this case, several candidate solutions
may be mapped to identical schedules or to differing sched-
ules with the same objective value. If neighboring solutions
have identical values, the link between them is neutral.

Neutrality can also emerge from a discretization of the ob-
jective function itself. Many scheduling objectives map to
an integral codomain with a cardinality that is significantly
lower than the number of candidate solutions. For example,



evaluations such as makespan, number of tardy tasks, and
number of conflicting tasks are all objectives with a (rela-
tively) small number of integral possible values. Two neigh-
boring solutions are more likely to be neutral in these cases.

Interestingly, there appears to be a controversy in the lit-
erature about the benefits of neutrality. Nor is it clear ex-
actly why or under what conditions neutrality can be ad-
vantageous. For instance, Ebner et al. (2001) suggest that
adding redundancy to a search space in order to force neu-
trality can improve convergence. However, Knowles and
Watson (2002) give empirical support against this, suggest-
ing that added redundancy might inflate the search space and
slow down convergence. In some cases, removing neutral-
ity has shown to be detrimental. In a satellite scheduling
problem, Roberts et al. (2005) showed that removing neu-
tral moves by restricting the neighborhood hurt performance
of a local search algorithm.

Modeling the dynamics of search in the presence of
neutrality

Most research on neutral landscapes involves quantifying
“static” features either exhaustively or statistically. For ex-
ample Frank et al. (1997) explore several static characteris-
tics that arise in the presence of neutrality such as “plateaus”
(regions of connected neutral neighbors) and “benches”
(plateaus with exits). Reidys and Stadler (2001) explore
neutrality as a variable of a “random field” landscape. On
the other hand, the “dynamic” behavior of search on highly
neutral landscapes is not as well understood. Barnett (2001)
studies the statistical dynamics of “netcrawler”: a simple
stochastic local search process. However, these results hold
under rather heavy simplifying restrictions. For example, no
suboptimal plateaus exist from which there is no escape and
each improving move accesses only the next fittest level.

In general, the behavior of search can be described by a
(possibly stochastic) discrete dynamical process evolving on
the underlying landscape. The characteristics of this process
govern how effective one particular method may be over an-
other. A rich amount of information becomes available as
the process evolves that could potentially be exploited in or-
der to influence search behavior.

When the search process is Markovian, we can model it as
a Markov process on X . Using the theory of Markov chains,
we can have explicit access to probabilities and waiting
times by computing the stationary distribution. Each state
of the chain corresponds to a state z € X. Of course, such a
computation is only tractable for small solution spaces. For
larger instances, we propose to sample the solution space to
construct a “sublandscape” that may have similar properties
to the larger space. We will employ both a uniform random
sampling and a Metropolis-Hastings technique to focus on
regions of the space.

We conjecture that simple stochastic local search algo-
rithms might perform well in the presence of neutrality be-
cause of an inherent increase in mutual accessibility under
high neutrality. In other words, distinct solutions that would
otherwise be inaccessible on a non-neutral landscape could
become mutually reachable under neutral moves. This in-
crease in accessibility will affect convergence and stagnation
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Figure 2: Log-log relationship of neutrality and convergence
probabilities with least-squares regression line.

probabilities: an effect that will be reflected in the dynamic
model. To study this, we create a large number of random
landscapes controlling for neutrality (we measure neutrality
as the proportion of neutral moves on the landscape).

Preliminary results. We generated 100 random land-
scapes controlling for neutrality by specifying the number of
allowed unique values in the codomain of f. The neighbor-
hood N was defined to be the scheduling shift operator (Tail-
lard 1990) on permutations of length 6 (i.e., this gives a so-
lution space cardinality of | X | = 720). For each landscape
we created a Markov chain to model a simple hill-climbing
search (that accepts neutral moves). The Markov chains are
produced by masking out strictly disimproving moves in the
adjacency matrix of N and normalizing the resulting matrix
to make it stochastic. For each matrix we calculate the sta-
tionary distribution and find the state probability associated
with the global optimum. For these experiments, we fixed
the number of global optima at 1.

Our preliminary results suggest that convergence proba-
bility is (weakly) positively correlated with neutrality. A
Spearman rank correlation test gives a correlation estimate
of p ~ 0.16 with p < 0.0001. We report these results in Fig-
ure 2. Note that we have introduced a log-log transformation
to the data to stabilize variance.

We also found that stagnation probability decreases with
neutrality (p < 0.0001) supporting our hypothesis that mu-
tual accessibility increases over all states. However this ac-
cessibility comes at a price. Convergence probabilities in
the stationary distribution hold under the assumption of un-
bounded time. Finite time performance will undoubtedly
decrease since plateaus become intractably large. This sug-
gests a crossover point which we seek to capture.

We have also found that, on some scheduling problems,
neutrality might be subspace dependent. In other words,
only a certain subset of tasks are responsible for creating
neutral moves. This effect suggests the presence of “back-
bone” like structures similar to those found in maximum
Boolean satisfiability problems (Monasson et al. 1999).



Ongoing work

The goal of this research is to study how neutrality affects
the dynamics of search processes. Many questions remain
unanswered about this surprisingly pervasive search space
characteristic. Plateaus can hinder many search algorithms
by offering no gradient information to direct motion toward
global optima. However, neutrality may also prove benefi-
cial. All other things being equal, a neighborhood structure
with more neutral moves will tend to have more acceptable
neighbors. This will increase connectivity between candi-
date solutions and could potentially eliminate many local
optima. This may even result in a reduction in stagnation
likelihood.

We intend to study the mechanism by which a simple
stochastic local search method interacts with neutrality. Our
preliminary results suggest that the mean convergence prob-
ability tends to be positively correlated with neutrality. We
hypothesize that this is evidence of an effect related to the
increased solubility observed by stochastic local search. We
also believe that attractor basins tend to weaken as neutral-
ity increases. We intend to rigorously explore how neutrality
distinctly affects convergence.

Barbulescu et al. (2006) discovered that a simple algo-
rithm called Attenuated Leap Local Search (ALLS) achieves
competitive performance on a satellite scheduling problem
that features a highly neutral landscape. ALLS produces lo-
cal neighbors by simply taking an unbiased random walk
of length k£ on the landscape. As the search progresses, k
is attenuated to take shorter leaps. The authors conjecture
that algorithms that can “move quickly” across plateaus tend
to perform best. Despite these results, it is still not clear
what constitutes “efficient” motion on a plateau. Is a simple
random walk in fact the optimal strategy to clear a plateau?
How does the initial setting and scheduling of the k£ param-
eter affect convergence? Do these results generalize to other
important scheduling domains?

Neighborhood structure and size can directly transform
the underlying landscape. We seek to investigate the role of
neighborhood size in neutrality. If increasing neighborhood
size affects neutrality, is the expense of higher neighborhood
costs and potential search space inflation justified by favor-
able search dynamics?

Finally, many recent results in landscape analysis depend
on the fact that certain landscape features are “statistically
isotropic.” Roughly speaking, this means that the features
are homogeneous with respect to their “location” on the
landscape. We conjecture that neutrality is not isotropic in
practice, and in fact depends on the evaluation of the objec-
tive function. If neutrality is not isotropic, we might expect
the search process to behave differently as it neared the glob-
ally optimal solution.

Answers to these questions will provide insight into the
dynamics of search processes in the presence of neutral-
ity: a common feature in many scheduling problems. This
work can serve to 1) further our understanding about what
landscape features make a problem amenable to search 2)
inform search algorithm design to more efficiently handle
landscapes with a large number of neutral neighbors.
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